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1. (a) Define the Cantor set C ⊆ [0, 1], and show that C × C is homeo-
morphic to C. Conclude that Ck is homeomorphic to C for all k ≥ 2.

(b) Show that there is a continuous map from C onto [0, 1].

(c) Show that every continuous map from C into [0, 1] extends to a
continuous map from [0, 1] into itself.

(d) Use the previous parts to show that there is a continuous map from
[0, 1] onto [0, 1]k. [8+4+4+4=20]

2. Let X ⊆ Rd. Show that every open cover of X has a countable subcover.

[20]

3. (a) Define the total derivative of f : Ω −→ Re(Ω an open subset of Rd)
at a point xεΩ. Show that, if the total derivative f ′(x) exists, then all
the d partial derivatives of f exist at x, and find an expression for f ′(x)
in terms of these partial derivatives.

(b) If f1, f2, · · · fd are d differentiable functions R −→ R then show
that the function f : Rd −→ R defined by f(x) = f1(x1) + · · ·+ fd(xd)
is differentiable everywhere, and the derivative is given by f ′(x)v =
d∑
i=1

vif
′
i(xi), vεRd. [10+10=20]

4. (a) Let Ω ⊆ Rd be open, f : Rd −→ Re. If, for some i, j(1 ≤ i 6= j ≤ d1)
the partial derivative ∂i∂jf and ∂j∂if exist and are continuous on Ω
then show that they are equal.

(b) Let f : R2 −→ R be defined by f(x, y) = xy(x2−y2)
x2+y2 if (x, y) 6= (0, 0)

and f(0, 0) = 0. Then show that ∂1 ∂2 f and ∂2 ∂1 f exist throughout
R2, but they are not equal everywhere. [10+10=20]

5. Let Ω be a convex open subset of Rd and f : Ω −→ Re be differentiable
everywhere. Suppose all the partial derivatives of f are bounded on Ω.

(a) Show that there is a constant m such that ‖f ′(x)‖ ≤ m for all
x ∈ Ω.

(b) Conclude that there is a constant c such that ‖f(x) − f(y)‖ ≤
c‖x− y‖ for all x, y ∈ Ω. [10+10=20]


